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Introduction
The increasing demand for the ever-spreading applications of lithium batteries in portable electronics, electrical/hybrid vehicles and smart grids calls for the development of electrode materials with significantly improved energy density, rate capability and life span [1] [2] [3] [4] . Silicon as a
Li-alloying anode has attracted enormous interest in recent years [5] [6] [7] [8] [9] due to its high theoretical specific capacity (3579 mAh/g for Li1 5 Si 4 , and 4200mAh/g for Li 22 Si 5 ). Lithium insertion into crystalline silicon (c-Si) is observed to result in a transformation to an amorphous Li x Si alloy (aLi x Si) 10 , which is accompanied by large volume expansion of more than 300%. 6 Such a large volume change induces severe plastic deformation and causes the pulverization of silicon electrodes upon the first cycle of lithiation and rapid capacity fading 11 . Various approaches have been explored to prevent the Li-insertion-induced mechanical failure, including improving the supporting electrode components 12 and employing silicon nanostructures 6 . In particular, Si nanowires allow (de)lithiation-induced stress to be effectively relieved along the radial direction while maintaining fast electron transport in the axial direction, and their use has significantly enhanced capacity retention and rate capability of Si anodes in recent years 6 . Nevertheless, Si nanowires 13, 14 and nanoparticles 15 can still form cracks during lithium insertion. For instance, Lee et al. found that more than 90% of <111> axially oriented c-Si nanopillars with diameters of 300-400 nm fractured upon first lithiation 13 . They concluded that nanopillars could only remain fracture-free below a critical size of 240-360 nm.
An important finding from recent experiments is that the volume change of c-Si nanostructures upon Li insertion is highly anisometric. Liu et al. observed that <112>-oriented silicon nanowires with circular cross sections evolve into a dumbbell shape after lithiation 14 . Lee et al. discovered that electrochemical lithium insertion causes round silicon nanopillars with <100>, <110> and <111> axial orientations to expand into anisometric shapes with 4-, 2-and 6-fold symmetries, respectively 16 . A common feature among all observations of nanowires is that swelling is most significant in the <110> direction and least along <111>, with <100> and <112> in between. Liu et al. performed in-situ high-resolution transmission electron microscopy (TEM)
to characterize the electrochemical reaction at the growth front of a-Li x Si in individual Si nanowires during lithium insertion 17 . Their experiment reveals the interface between a-Li x Si and c-Si to be atomically sharp and migrate through a ledge mechanism involving lateral movement of steps on close-packed <111> planes. This migration process results in orientation-dependent interface mobility, which is shown by the modeling study of Yang et al 18 to be the origin of anisotropic swelling of c-Si nanowires. The anisometric shape change phenomenon has negative implications for the degradation of silicon anodes. Upon first lithiation, cracks form predominantly in the slow-swelling directions on the side surfaces of c-Si nanopillars 13 , e.g.
<100> for pillars with <110> axial orientation and <112> for <111> pillars. These cracks further grow upon subsequent electrochemical cycling, and contribute to impedance increases and loss of electrical contact between the active material and current collector. They also expose more fresh silicon surfaces to the surrounding electrolyte, which leads to capacity fading due to the formation of solid-electrolyte interphase (SEI).
The concurrent processes of Li transport, phase transformation and elasto-plastic deformation in Si anodes have inspired numerous modeling works [19] [20] [21] [22] [23] [24] [25] . Several groups developed models to explain the anisometric volume expansion of c-Si nanowires upon lithiation 14, 18, 24 .
Liu et al. 14 postulate an orientation dependent lithiation-induced strain in a-Li x Si to explain the dumbbell shape of <112>-orientated nanowires. The study by Yang et al. 18, 24 relates the anisotropic swelling behavior to the orientation-dependent velocity of the a-Li x Si/c-Si interface (ACI). In their work, an orientation-dependent and concentration-dependent Li diffusivity function, with a much smaller value in the interfacial region than in the amorphous phase, is introduced to numerically generate an anisotropic interface velocity. While simulations based on these models reproduce the morphological evolution of the nanopillars upon first lithiation, they can be improved in several aspects. First, the numerical approaches through which the orientation dependence of interface velocity is introduced in References 18 and 24 could be modified to more directly reflect the physical mechanism of c-Si/a-Li x Si phase boundary motion, which is shown by experiment to be controlled by interface reaction kinetics 17 (as opposed to bulk diffusion kinetics). For interface-reaction controlled processes, the absorption or emission of atoms across interfaces is the rate-limiting step for phase boundary migration, yielding the following expression for the boundary velocity v:
where Γ is the thermodynamic driving force for the interface reaction. M is the interface mobility or reaction rate constant, an intrinsic material property that could be assessed from experiment or atomistic calculation. The physical interpretation of Equation 1 is that the orientation dependence of M rather than the Li diffusivity results in the anisotropic interface velocity. Second, it is not straightforward to relate the anisotropy-controlling parameters in Reference 18 (notably, the interfacial diffusivity) to experimental measurement, which makes quantitative simulation challenging. Third, updating the interface location in these models requires solving the diffusion equation within the amorphous Li x Si phase, which is computationally costly. For instance, in References 14, 18, and 24, and, a diffusivity 10 5 times that of the interface diffusivity is assigned to the bulk of a-Li x Si to ensure that interface motion is not diffusion limited; such a large variation in diffusivity places a significant limit on the time step size in simulation. In addition, evaluation of the interface diffusivity value at the growth front of a-Li x Si requires the determination of the orientation of the nearest interface segment, which is cumbersome.
In this paper we first describe a new simulation methodology to overcome the above mentioned limitations. Unlike previous models, the ACI location is evolved explicitly through Equation 1 using a front-tracking method. Interface mobility M hence becomes a natural model parameter, which can be determined experimentally or theoretically to improve the fidelity of simulation. Because the location of ACI is updated without the need to solve the diffusion equation in 3D space, the model is numerically very efficient and allows for simulations to be easily extended to 3D systems such as nanoparticles.
Using our interface-tracking model as a tool, we next explore the feasibility of improving the fracture resistance of Si anode by tailoring its morphology. Although nanoscaling Si electrode structures can significantly relieve the pulverization problem and enhance capacity retention, it has the disadvantage of creating a large electrode/electrolyte interface area, which limits the packing density of active material and hence the overall energy density of the battery.
Furthermore, side reactions at the electrode/electrolyte interfaces, including exothermic reactions under abuse conditions, are accelerated by the high surface-to-volume ratio and detrimental to battery safety. Here we show that rational design of Si electrode morphology provides an alternative strategy to mitigate crack initiation. The key underlying concept is to offset the anisotropic swelling of c-Si with a properly chosen anisometric geometry of the pristine anode, e.g. a non-circular cross section on a nanowire, which can promote more isometric volume expansion and lower tensile strain in the amorphous phase upon cycling to suppress electrode fracture. We note that morphological design has been employed to improve the functional properties (e.g. light absorption efficiency) of Si nanowires 26 , but its application to improving mechanical properties has not previously been proposed or reported. Below we first present the details of our modeling method and validate its predictive capability by comparison with experimental results on circular Si nanowires and spherical Si nanoparticles documented in literature 13, 14, 27 . Next, we use our method to suggest specific morphologies for mitigating fracture, and demonstrate their effectiveness through simulations and experimental tests of shaped c-Si electrodes.
Model
In our model, the phase boundary between c-Si and a-Li x Si is treated as an object of zero thickness. At the interface, c-Si is transformed into a-Li and v < 5 nm/min, we obtain a c > 1 µm. A recent experimental study reports self-limiting lithiation behavior in Si nanowires, and the stress dependence of interface reaction rate or mobility is considered as a possible explanation 31 . However, there is no evidence so far to support that the stress effect on interface mobility is an important factor in the anisotropic swelling behavior of Si. M is thus considered as a function of orientation n only.
The functional form of v(n) or M(n) is constrained by the fact that they must conform to the crystallographic symmetry of c-Si, i.e., remain invariant under symmetry operations of c-Si.
There exist various methods 32, 33 to derive expressions that satisfy this symmetry requirement.
Here we use the invariant theory 33, 34 to expand v(n) as (4) where I k (n) (k=1,2,3…) are polynomials of increasing degrees that are invariant with respect to cubic symmetry operations. The expressions for I 1 , I 2 and I 3 and their values in several directions of interest are given in Table 1 . The spherical plots of I 1 , I 2 and I 3 are shown in Figure S1 . We Though such data are still scarce, the in-situ TEM experiment by Liu et al. 17 provides two important observations, i.e., the interface velocity in <111> directions is vanishingly small and 3) The velocity of {100} is η times of that of {110}: v <100> = η v max , where η is an adjustable parameter with a value between 0 and 1.
We find that the above requirements are satisfied by the function
Equation 5 is used to evaluate the orientation interface velocity along all orientations in our simulations. We note that the accuracy of v(n) can be improved by including higher order terms in Equation 4 with additional adjustable parameters fitted to interface velocity or mobility data once they become available.
Without a complete set of experimental or modeling data, the exact value of the anisotropy-controlling parameter η is difficult to ascertain. However, we found that the simulation results are rather insensitive to η, provided that the qualitative ordering of the interface velocities in <110>, <100>, and <111> remains unchanged (see Figure S3 ). The same ordering is employed in a previous modeling study 18 . A value of η = 1/6 is used throughout this 
where σ i and λ i e (i=1…3) are the stress and elastic stretch in the principal directions, and elastic modulus and Poisson's ratio are similar to values used in Refs. 37 . The Von
Mises yielding criterion v Y σ = is applied to model plastic deformation, where the Von Mises
The yield stress Y is set at a constant value of 0.5 GPa [38] [39] [40] . The incremental plastic strain in the principal directions is determined by the flow rule,
is the hydrostatic stress and is a time-dependent scalar field
is determined by solving the mechanical boundary value problem. More detailed discussion about the elasto-plastic constitutive relation using large deformation theory can be found in our previous work. 22 We note that the plasticity model could be further elaborated to account for the viscosity effects and strain rate dependence in amorphous Li x Si. More accurate evaluation of model parameters such as yield strength of a-Li x Si from measurement will also improve the predicative power. Although the employment of different plasticity models and/or model parameters will affect the details of simulation results, it will not change qualitatively predictions on the anisotropic shape evolution of c-Si electrodes, which is mainly a consequence of geometric constraint imposed by anisotropic ACI movement. For instance, using the CowperSymonds overstress power law to approximate the perfectly plastic limit in Ref. 24 , Yang et al.
obtain similar results as in our model.
Simulation based on the above model is implemented in the commercial finite element package ABAQUS. More detailed implementation information is provided in the Supporting Information.
Results and Discussion

Lithiation of c-Si nanopillars with circular cross section shape
We first study the lithiation process of c-Si nanopillars with circular cross-sections. Si pillars of 100 nm radius with four different axial orientations, i.e. <100>, <110>, <111> and <112>, are simulated. For simplicity, a plane strain condition is applied in the axial direction of the pillars. The simulation result for <112> pillar is shown in Figure 1 as an example; results for other nanopillars are presented in Figure S4 . The dumbbell shape of the lithiated <112>
nanopillar obtained by our simulation shows good agreement with the TEM observations 14 ( Figure 1(d) ) and an earlier simulation by Yang et al. 18 . To shed more light on the shape evolution of the c-Si core, the normalized ACI velocity in the {112} plane is plotted in Figure 1 (a). It displays a butterfly shape, which has a maximum in <110>, a second maximum at 55° away from <110> that approximately corresponds to <13 1 7>, and a minimum in <111>. As shown in Figure 1 (b) and S4(d), the fastest moving {110} and {13 1 7} planes gradually become the dominant facets of the ACI when lithiation proceeds. The other orientations are eventually eliminated from the ACI, resulting in a faceted c-Si core. We refer to <110> and <13 1 7> as the primary ACI directions hereafter. As indicated by the maximal inplane stress distribution in the cross section plane (Figure 1(c) ), the crystalline core is always subjected to tensile stress upon lithiation due to Li-insertion-induced expansion of a-Li x Si along the ACI (white line). In contrast, the stress state of the amorphous shell has two distinct regions -the stress is compressive in the region immediately behind the moving ACI (in dark blue), but flips to tensile values further away from ACI. Such a change of stress character in a-Li x Si explains the surface-initiated fracture observed in experiments, and can be understood as follows.
When a thin c-Si layer swept by the ACI transforms to a-Li x Si, its volume expansion is constrained along the ACI by the adjacent untransformed c-Si core, which results in compressive hoop stress in the amorphous phase immediately behind the ACI. The amorphous layer deforms
plastically to accommodate the compressive stress. As the ACI moves further inward, the previously transformed a-Li x Si layer now serves to constrain the volume expansion of the newly transformed a-Li x Si layer from outside, which gives rise to tension in the outer shell.
The amorphous shell in the <112> pillar expands the most along the primary ACI directions, i.e. <110> and <13 1 7>, and shows minimal swelling along <111> because of the anisotropic interface velocity. a-Li x Si in front of the <110> and <13 1 7> facets undergoes severe plastic deformation to satisfy geometry compatibility at the ACI. Concurrently, material is pulled away from <111> towards the primary ACI directions due to the volume conservation constraint of plastic deformation. As evident from Figure 1 (b), such material flow accumulates increasingly large tensile strain near <111> orientations on the pillar surface and eventually amounts to a plastic necking instability that can initiate surface cracks in this direction.
The simulated morphological evolution sequences of <001>, <110> and <111> nanopillars upon lithiation are shown in Figure S4 (a)-(c). They exhibit features similar to the lithiation process of the <112> pillar, including the formation of faceted c-Si cores, dominant swelling along the primary ACI directions and plastic necking along the slow lithiation orientation. The good agreement between the simulation results, experiments 16 and previous modeling studies 18, 22 establishes the validity of our modeling method.
Lithiation of an initially spherical c-Si nanoparticle
Next, we extend the simulation to the lithiation process of a spherical nanoparticle of radius a =100 nm. Figure 2(a) shows the orientation dependence of the ACI velocity in 3D space.
v(n) has a global maximum along <110>, a global minimum along <111> and a second local minimum along <100>. The shape evolution of the particle is shown in Figure 2 (b). As lithiation proceeds, the nanoparticle expands anisometrically, forming "hills" along <110> and "valleys"
in the <100> and <111> directions. The colormap in Figure 2 (b) represents the equivalent plastic strain (PEEQ) distribution on the particle surface. Interestingly, the maxima of PEEQ reside in the <110> orientations at early stages (e.g. ) but change to <100> at late stages (e.g.
. Figure 2(c) shows the evolution of the c-Si core shape. Similar to the 2D nanopillars, the fastest moving crystallographic planes {110} become increasingly dominant at the ACI as the cSi core shrinks, eventually becoming a rhombic dodecahedron bounded by 12 {110} faces. The cross-section view of the particle perpendicular to the <111> direction amid lithiation shown in Reference. 27 . To our knowledge, this is the first time that the observed Si particle morphology is quantitatively explained and it shows that the shape evolution of 3D Si electrode structures is also controlled by the ACI velocity anisotropy.
Morphological design of c-Si anode
The modeling studies by Yang et al. ii) The distance from each side to the center of the polygon is proportional to the velocity of that side.
Requirement ii) ensures that the ACI maintains a self-similar shape throughout the lithiation process. For <100> and <111> pillars, the proposed cross sections are a simple square and regular hexagon with {110} facets, respectively ( Figure S5 ). For {112} and {110} pillars, the cross sections consist of two groups of crystallographic planes, which correspond to the largest and second largest local maxima of the interface velocity (Figure 4 and S5).
We examine the effectiveness of the morphological designs through simulations. Using the <112> pillar as an example again, Figure 4 A similar morphological design concept can also be applied to improve the fracture resistance of c-Si particles. The preferred particle geometry we propose is a rhombic dodecahedron with all twelve faces oriented normal to the <110> directions, as illustrated in Figure 5 (a). Such morphology is identical to the converging shape of the shrinking c-Si core in a spherical particle (Figure 2(c) ). After Li insertion starts, the polyhedral particle quickly obtains an approximately spherical shape with small "ridges" along the edges and shallow "dents" at the vertices of the polyhedron ( Figure 5(a) ). The degree of isotropy of the particle can be measured by the sphericity parameter, defined as S = 2 6π
/ A , where V and A are the particle volume and surface area, respectively. Figure 5 (b) compares the evolution of S for the spherical and polyhedral particles upon lithiation. After an initial stage, the polyhedral particle achieves and retains a superior sphericity value above 0.975. The more isometric swelling of the polyhedral particle produces a lower and more uniform distribution of PEEQ on the particle surface ( Figure   5 (a)) compared to the spherical particle (Figure 2(a) ).
It is important to point out that because no characteristic length scale exists in the interface-reaction controlled lithiation process considerd in our model, the simulation results (morphological evolution and plastic strain distribution) are independent of the feature size of the electrodes. Therefore, our morphological design strategy can be applied to improve the fracture behavior not only of nanopillars or nanoparticles but also of c-Si structures of larger dimensions as long as bulk diffusion process is much faster than the interface reaction kinetics. Whereas synthesis of anisometric Si nanostructures may be accomplished through anisotropic crystal growth 41 or etching [42] [43] [44] , anisometric micron-sized Si structures such as micropillars can be more easily and precisely fabricated by conventional photolithography techniques. We recently prepared both p-type and n-type silicon micropillar arrays (diameter = 2 µm) with different cross section shapes on (100) Si wafers using plasma etching, and electrochemically lithiated them in lithium half cells 45 (details of the fabrication and electrochemical test methods can be found in the Supporting Information). It is found that the p-type micro-pillars exhibit higher fracture resistance than n-type micropillars, allowing us to compare the experimental morphologies of ptype pillars with large volume expansion against theoretical predictions. Figure 6 shows the morphology of <100> circular and square-shaped micropillars on p-type wafers (conductivity 445 mΩ) before and after partial lithiation that results in a volume expansion of ~200%. The initially square pillars have four <110> sides, matching our proposed geometry for the rationally designed polygonal cross section of <100>-oriented pillars ( Figure S5(a) ). Consistent with theoretical predictions shown in Figure 6 (c) and (f), the cross sections of square pillars grow into a much more isometric morphology than the round pillars at the late stage of lithiation. The quantitative agreement between experiments and simulations confirms that our model can reliably predict the Li-insertion-induced shape evolution of micron-sized Si structures. On the other hand, we also systematically studied the effect of cross section geometry and atomic layer metallic coatings on the fracture behavior of n-type <100> micropillars during first lithiation 45 . It is discovered that by changing the cross section shape from circle to square with <110> sides, crack formation in <100> pillars is significantly delayed in the lithiation process. Related experimental results have been reported elsewhere 45 , and they illustrate that morphological design is a powerful strategy to improve the fracture performance of c-Si anodes.
Our model is applicable to the initial lithiation process of c-Si electrodes. After first cycle, silicon anodes remain largely in the amorphous phase, and further Li insertion/extraction does not incur crystalline-to-amorphous phase transformations (or vice versa). However, the benefits of the proposed morphological design approach extends beyond the first electrochemical cycle.
Si electrodes often exhibit the largest capacity drop 6 during the first discharge/charge because of various irreversible processes occurring to the electrode structure including cracking-induced loss of electrical contact. Mitigating fracture upon the first lithiation thus plays an important role in achieving high overall capacity retention. Furthermore,, because amorphous electrode materials usually have isotropic Li transport and mechanical properties, the isometric morphology obtained by the morphologically designed Si electrodes at the end of first cycle will promote a more uniform volume expansion and reduce strain/stress concentration in electrodes upon subsequent cycling. The low surface-to-volume ratios associated with the isometric electrode shapes also help enhance capacity retention by suppressing SEI formation.
Compared to nanostructured electrodes, microstructured electrodes have advantages in achieving higher packing density of active material, slower side reaction rates due to lower surface-to-volume ratios, and potentially lower cost. However, microscale Si anodes have seen very limited success in Li-ion batteries so far because of the severe pulverization they experience during charge/discharge. The morphological design approach we propose here could provide a promising way to mitigate this problem and enable the fabrication of fracture-resistant micronsized Si electrodes.
The assumption employed in our model that the lithation of c-Si is interface-reaction limited is valid for electrodes with feature sizes on the order of a few micrometers, as estimated in Section 2. As the dimensions of c-Si electrodes further increase, Li diffusion in the amorphous shell will play an increasingly important role in the phase transformation kinetics, which requires solving the diffusion equation in a-Li x Si in conjunction with the mechanical governing equations and Eqs. 1 and 2 to determine ACI motion and electrode shape evolution. Because Li diffusion in the amorphous phase is isotropic, the ACI geometry and volume expansion of a-Li x Si are expected to be more isometric in diffusion-controlled lithiation process in large Si electrodes.
However, such electrodes become susceptible to pulverization despite the more isotropic swelling because internal fracture will become prevalent. The morphological design will thus be most effective for tailoring c-Si electrode structures in the size range of 1 -10 m.
Conclusion
A continuum model is developed to simulate concurrent interface-reaction limited phase transformation, plastic deformation and morphological evolution in c-Si anodes upon lithiation.
The model has advantages over previously proposed approaches in that i) it is more consistent with the experimentally observed interface reaction-limited lithiation mechanism, ii) the model parameters can be directly measured from experiments or calculated by atomistic simulations, and iii) it can be efficiently implemented to allow for numerical simulation of large scale and 3D
systems. The agreement between simulated and experimental morphologies of lithiated Si nanopillars and nanoparticles confirms that anisotropy in the amorphous/crystalline interface mobility is ultimately responsible for the anisotropic swelling of Si anode, and fracture is initiated by plastic necking in regions of tensile strain concentration in the amorphous shell.
Inspired by these findings, we propose specific design rules for generating polygon/polyhedron geometries of 2D or 3D c-Si anodes which stem the severe plastic flow between slow and fast lithiation directions that gives rise to strain concentration. Our simulations show that the suggested anisometric electrode shapes effectively counterbalance the orientation-dependent ACI velocities, and that the electrodes undergo much more isometric expansion with substantially lower strain concentrations than those found in circular pillars or spherical particles. The predicted effects of morphological design on improving shape isotropy and fracture behavior of c-Si electrodes upon lithiation are directly corroborated by experimental comparison of (100) Si micropillars with conventional circular and optimally designed cross-sectional shapes. Our work establishes rationally motivated morphological design as a practical strategy for synthesizing fracture-resistant Si electrodes for Li-ion batteries. The modeling tool developed in this work is also useful for the study of other phase-changing electrode materials that undergo large volume change and plastic deformation upon charge/discharge. Table 1 . Expressions of invariant polynomials I 1 (n), I 2 (n) and I 3 (n) and their values for several representative directions.
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Additional Details of Simulation Method
In numerical simulations of the lithiation process, the loci of ACI are updated by a front tracking method. As illustrated in Figure S1 , the ACI, which is a curve for 2D pillar simulations and surface for 3D particle simulations, is discretized by a set of points with equal separation. A sufficient number of points, typically 360 points for 2D and 64800 points for 3D simulations, are for concentration-dependent properties, using the implicit plastic-elastic solver with the nonlinear geometry option turned on for large deformation problems.
Additional Details of Experimental Method
Micropillars on (100) Si wafers were defined photolithographically with masks in circle and square shapes. The latter has edge orientations along {110} planes. The diameter, spacing, and height of the micropillars are 2 µm, 2 µm, and 50 µm, respectively. The micropillars were etched out by a Bosch process 2 during which the isotropic etching step using 25 sccm SF 6 plasma and the passivizing polymerization step using 80 sccm C 4 F 8 were alternated repeatedly until the desired height was achieved.
Swagelok-type half-cells were assembled in Argon-filled glove box with oxygen and water content less than 1 ppm for electrochemical lithiation. 
Evaluation of the Anisotropy Parameter η
In the main text, the parameter η is used to describe the relative lithiation velocity along <100> with respect to <110>. A η value of 1/6 is used in simulation and the ordering of interface velocities in three main directions is set as: v <111> < v <100> < v <110> . As a motivation for our choice of η and this ordering, we performed density functional theory (DFT) calculations of strain energy for thin surface slabs aligned along each of these directions. Each of the slabs was eight layers thick and carved from the corresponding bulk geometry. Surface reconstruction and atomic relaxation are not considered in the calculations, since there is no evidence that reconstruction will occur at the reaction front with lithiated a-Si, where ion mobility and entropy are high, and ions are freely available to passivate dangling bonds and equilibrate local potentials.
The system therefore simulates two surface-vacuum interfaces with four independent layers each; the thin slabs were deliberately chosen so as to ensure that the calculated strain energies are associated with surface rather than bulk character. To compute the strain energies, biaxial strain was applied within the surface plane only.
Periodic boundary conditions were applied, with 12 Å vacuum inserted perpendicular to the slab direction. An ultrasoft pseudopotential 3 with the Perdew-Burke-Ernzerhof (PBE)
exchange-correlation functional 4 was employed for Si, with plane wave and charge density cutoffs of 24 Ry and 240 Ry, respectively, as implemented in the Quantum ESPRESSO code 5 . A Monkhorst-Pack 6 k-point mesh was used, based on a primitive-cell sampling of (6×6×6) and scaled appropriate to the surface of interest.
The Li insertion barrier is expected to correlate with the strain energy associated with locally expanding the slab parallel to the surface, so as to accommodate the diffusing Li.
However, because the surface boundary conditions are fixed by the underlying crystalline Si lattice immediately beyond the amorphous-crystalline interface, we assume that local expansion must be accompanied by secondary local lattice compression, such that the total area of the surface is conserved. Accordingly, we examine the surface slabs under both tensile and compressive strain.
The area-specific strain energy for the slabs is shown as a function of strain in Figure   S7 (a). Note that the strain is defined relative to the equilibrium bulk lattice parameter, which does not necessarily correspond to the equilibrium lattice parameter of the surface slab due to intrinsic surface stress. Accordingly, the (100) and (111) surfaces have intrinsic compressive surface stress (minimum strain energy occurs below the bulk equilibrium lattice spacing), whereas the (110) surface has weak intrinsic tensile surface stress. To estimate the total strain energy s introduced by straining the lattice to accommodate Li insertion, we average the area- , which describes the relative insertion barrier along <100> with respect to <110> and <111> and is related to the choice of the parameter η . For non-negligible strains, the ratio r has an upper bound of ~0.4, but decreases with increasing magnitude of the local surface strain induced upon Li insertion. In the immediate vicinity of Li, it is reasonable to assume that local areal strains greater than 10% may be observed, which lowers the expected value of r to less than 0.2. Considering the exponential dependence of reaction front velocity on reaction energy barrier, we conclude that η must be a small value significant lower than 0.5, which justifies our choice of 1/6. Notably, as we show for one example geometry in Figure S7 , our conclusions do not change qualitatively if we set η to be even smaller (i.e., zero). 
